Abstract. A heralded single photon source is commonly benchmarked by brightness, purity of the heralded photons and indistinguishability of photons from separate sources. In this paper, we investigated the indistinguishability of micro-ring resonator heralded sources fabricated in the silicon on insulator platform. We demonstrated onchip quantum interference of heralded single photons at telecom wavelengths, generated from two separate micro-ring resonators, and without any tight spectral filtering. The visibility of the quantum interference was estimated as 71.89 ± 3.11% with 95% confidence interval. In addition, we estimated the heralded single-photon purities from each source to be 86.20 ± 3.89% and 78.69 ± 2.44% by examining the second order correlation of the photon statistics from each source.
Introduction
The integrated photonics approach to quantum computing requires ideal sources, phaseshifters and detectors integrated alongside fast control electronics [1] [2] [3] [4] . An ideal single photon source: emits single photons on demand (deterministic); provides a sufficient rate of single photons (high brightness); emits each heralded photon in a single optical mode (high purity) and has photons from multiple sources indistinguishable from one another (high indistinguishability). In reality, several platforms such as single emitter systems (quantum dots, colour centers etc.) and heralded photon sources based on non-linear optical systems have demonstrated performances approaching that of an ideal source [5] . Despite significant progress, the scalable and controllable integration of multiple indistinguishable single emitters on the same chip with high extraction efficiency and tunability has not yet been demonstrated [6, 7] .
In contrast, nonlinear optics based heralded single photon sources can be scalably fabricated but have shortcomings such as being intrinsically non-deterministic and sources and the measurement of indistinguishability (section 2). The second part contains experimental methods and the relevant factors that can affect the quantum interference (section 3). Thereafter, we assess the outcome of this experiment (section 4) and lastly conclude with future directions. of HOMI or MZI due to multi-pair emission (total 10 pairs from both sources) is plotted in terms of average photon numbers generated per pulse. The legend "single mode'' refers to pure heralded photons (one optical mode) from each source, and the legend "two modes'' refers to impure heralded photons with two effective optical (Schmidt) modes. The graph for HOMI visibility for a single mode (blue dashed line) agrees with the graph reported in reference [29] . The "two modes'' graphs are for a purity of ∼ 82% that corresponds to our experiment with observed visibility of ∼ 71%. The V M ZI = 0.71 corresponds to average photon numbers n 1 = 0.11 and n 2 = 0.06 for single mode and two modes respectively.
Effect of multi-pair emission and non-unity purity on indistinguishability of heralded SFWM sources
The degree of indistinguishability is determined by the outcome of quantum interference with heralded photons from separate sources. Quantum interference is defined as a phenomenon where two single photons are incident on a perfectly balanced beam splitter and, based on the interaction of the photons wavepackets, they can exit the beam splitter from the same output port or different output ports. A complete bunching of the photons to one of the output ports of the beam splitter suggests complete indistinguishability of the sources. Consequently, partially indistinguishable sources corresponds to partial photon bunching. Such measure of indistinguishability can be done by any interferometer but in this section we will only discuss calculations involving Hong-Ou-Mandel Interferometer (HOMI) and Mach-Zehnder Interferometer (MZI). The discussion is based on references [9, [32] [33] [34] and is divided into subsections: the relation between SFWM and multimode twin-beam squeezer, the density matrix of heralded single photon source and the equivalence of indistinguishability for HOMI and MZI.
SFWM and multimode twin-beam squeezer
The photon-pair generation through SFWM process can be expressed by the following Hamiltonian operator,Ĥ
where, A is a constant proportional to the pump brightness, ω s and ω i are the frequency of the signal and idler photons respectively,â † s andb † i are creation operators for signal and idler photons respectively, and f (ω s , ω i ) is the bi-photon function. The latter contains the energy and momentum information of the SFWM process. Often, it is expressed in terms of pump envelope α, pump frequency ω p , phase (momentum) mismatch ∆k and interaction length L,
When the photon-pairs are pure, meaning that signal and idler photons are uncorrelated in color (frequency), f (ω s , ω i ) is separable in ω s and ω i : f (ω s , ω i ) = g(ω s ) × h(ω i ), then the hamiltonian can be rewritten as (Appendix A.1),
This is a hamiltonian for single mode twin-beam squeezer [34] with squeezing strength r, and creation operator for signal and idler photonsĈ † s andĈ † i respectively. Therefore, with x = tanh 2 (|r|) and θ r = ∠r, the wavefunction is expressed in terms of number state basis as,
In general, the heralded signal photons will be in a state corresponding to non-unity purity and the biphoton function can be expressed in terms of Schmidt decomposition,
ik . Thus the wavefunction can be expressed as a multi-mode squeezer which can be rewritten as a tensor product of the k single mode twin-beam squeezer with strength r k [32, 33] ,
Heralded SFWM sources
Using the wavevector expressions from equation 5 and 6, the density matrix from each source can be expressed asρ = |Ψ Ψ|. If the lumped detection efficiency of a idler photon is η i , and the probability of detecting k idler photon is P i (k) for a generic non photon-number-resolving detector [35] , then the reduced density matrix of the heralded signal photons for single optical mode (unity purity) with normalization constant N can be written as,ρ
For multi-mode twin-beam squeezer, the reduced density matrix for the signal photons can be expressed by detecting at least one idler photon in at least one of the Schmidt modes k,ρ
Therefore, the combined density matrix for two sources can be expressed asρ =ρ s1 ⊗ρ s2 .
Equivalence of MZI with HOM interference on indistinguishability
As in figure 1 , traditionally, to investigate indistinguishability, the heralded signal photon wavepackets are delayed in time with respect to one another and quantum interference is performed on a beam splitter described as HOMI. As such a long and variable optical delay line is neither possible nor practical due to high loss on chip, a MZI is used to interfere the heralded signal photons fromρ s1 andρ s2 as a function of MZI-phase (Φ M ZI ). In principal, each source can propagate through an unitary matrix U corresponding to a photonic circuit describing a general interferometer. While the unitary transfer matrix of a HOMI is a beam splitter with splitting ratio η DC , the MZI can be expressed as a function of splitting ratio of η DC and the phase Φ M ZI . Therefore, the probability of detecting two heralding idler photons, and heralded signal photons at both of the output modes of the unitary can be recorded as a four-fold coincidence event P 4F describing heralded two-photon quantum interference. Thus, after the unitary transformation, ρ U − →ρ , the probability of detecting a four-fold event for single optical mode will be,
where P s (k) is the probability of detecting k signal photons considering a lump detection efficiency η s , and c k and d k are output optical modes of the U . The equation remains similar for multi-modes but with more modes in the outputs. In HOMI, the maximum indistinguishability is found by scanning δτ and searching the minima of P 4F . This corresponds to maximum temporal overlap of the signal photons. Similarly, minimum overlap corresponds to distinguishability (P 4F.D ). These values of four-fold coincidence can be used to estimate the visibility and benchmark indistinguishability. In an MZI, the phase Φ M ZI is scanned to get the minimum and maximum four-fold coincidences which is used to estimate visibility and infer indistinguishability. The visibility of HOMI and MZI are defined as,
For ideal single photon sources, ranging from distinguishable to indistinguishable cases, V HOM ranges from 0% to 100% while V M ZI ranges from 33% to 100%. Therefore, there is an one to one mapping between the two visibilities of quantum interference which convey the same information about indistinguishability [36, 37] . The visibilities V HOM and V M ZI from above equations are plotted for imperfect sources in figure 1 with respect to average photon number. The average photon number (n) is related to squeezing (x) through the equationn = x/(1 − x) [34] . The plots shows that at higher squeezing (pump power) or average photon number, the contribution from multi-pair emission, such as N = 10 pairs from each source becomes significant and can reduce the visibility appreciably.
In general, exploiting the linearity of the density matrix, an expression for partially indistinguishable sources can be written as a weighted sum of indistinguishable (ρ I ) and distinguishable (ρ D ) portion of theρ,ρ = η ovρI + (1 − η ov )ρ D . Here, the weighting factor η ov defines the overlap between the quantum states of each source. If quantum states of source 1 and source 2 are defined asρ s1 andρ s2 respectively, then the indistinguishable component between them will be the scalar product of these two states, η ov = tr(ρ s1ρs2 ). Thus, the orthogonal component (1 − η ov ) is the distinguishable portion. Subsequently, the interference between heralded signal photons from partially indistinguishable sources can be expressed as,
This is also an equivalent expression of equation (1) in [38] describing the interference between partially indistinguishable photons. These expressions are effectively valid for one photon-pair emission from each source (Appendix A.3).
Experimental method
In our experimental setup, as illustrated in figure 2 , we interfere on-chip heralded single photons generated in two racetrack micro-ring resonators (Φ S1 and Φ S2 ). The leftmost side of figure 2 depicts appropriate pulsed laser light coupled to the chip, in the middle of the figure sits the chip that generates and separates signal-idler photons to herald and interfere the signal photons on chip, and finally the rightmost side of the figure Figure 2 . The experimental setup contains a laser light which passes through a broadband filter (BF), a tunable bandwidth filter (TF) and a polarisaion controller (PC) and coupled to the photonics circuit. The photonic circuit consists of a directional coupler (DC), micro-ring resonator sources (Φ S1 , Φ S2 ), micro-ring filters (Φ F 1 , Φ F 2 ), MZI composed of DC with reflectivity η M ZI (ideally η M ZI = 50%). Photon-pairs generated by the sources are coupled off-chip and filtered (BF1 to BF4) and collected by single photon detectors (D1 to D4) connected to coincidence logic unit (HH).
consists of off-chip detection mechanism to record the four-fold events corresponding to quantum interference. In the leftmost side in figure 2 (a), a 50 MHz input pump laser has a pulse width broader than the spectral resonance width of the sources Φ S1 and Φ S2 and spectrally tuned on Ch 39 (1546.12 nm) of International Telegraph Union (ITU) frequency grid. The broadband filter (BF) limits the pump photon-leakage into the spectra of generated photon pairs and the tunable bandwidth filter (TF) sufficiently narrows the pump spectrum to be broad enough only at the source resonances. Therefore, BF and TF reduce the background pair production in the coupling waveguides. At this stage an average of 1 mW input power of the laser is coupled into the photonic circuit (coupling loss 4.5 dB) with a suitable polarisation chosen with the polarisation controller (PC).
The very left of the photonic circuit contains a directional coupler (DC) that splits the input light to pump the sources Φ S1 and Φ S2 . Both sources are aligned with the pump spectrum such that resonantly enhanced SFWM produces signal-idler photon pairs in Ch31 (1552.52 nm) and Ch47 (1539.77 nm) of the ITU grid. The microresonator add-drop filters Φ F 1 and Φ F 2 are only resonant with the idler photons (Ch47), therefore, separates the idler photons through the drop port (violet color waveguides). Subsequently, the idler photons are coupled off chip with coupling loss 4.5 dB × 2, cleaned by filter BF1 and BF3 to reject the pump, detected by single photon detectors D1 and D3 and herald the signal photons (Ch31).
After the MZI interference the signal photons are coupled off-chip (coupling loss 4.5 dB × 2), filtered (BF2, BF4) to reject the pump and coupled to the single photon detectors D2 and D4. All four detectors (D1 to D4: average efficiency 75%, dark counts < 200 counts/s) are connected to a PicoQuant timetagger (HydraHarp). The HydraHarp records the photons arrival times which are post processed to identify fourfold coincidence events as heralded two-photon quantum interference as a function of MZI-phase (Φ M ZI ). 
Results and discussion
The MZI fringe that benchmarks the indistinguishability of our heralded sources is shown in figure 3 in terms of the four-fold coincidence events of heralded signal photons as a function of Φ M ZI . The red events are pairs from separate sources from different pump pulses in time, therefore, temporally distinguishable. It would have led to a MZI visibility of 33% without any multi-pair emission. The blue events are pairs produced by the same pump pulses in time, and for completely indistinguishable and ideal heralded single photon source, would have MZI visibility of 100%. In reality, our sources are not ideal and the visibility is expected to be lower than 100%. Fitting the blue events using the expression of P 4F from equation 11 represented by the blue solid line, the visibility is estimated as 71.84 ± 3.11% with η DC = 39.19 ± 2.97% with 95% confidence interval. There could be several reasons that the signal photons from Φ S1 is less than 100% indistinguishable with signal photons from Φ S2 , such as: non-unity purity, multipair contribution, dissimilar temporal dynamics of the sources and technical difficulty in keeping the sources aligned. ii (0) of idler photon ("i") is measured by passing it through a fiber beam splitter (BS with 50% reflectivity) and using detectors D1 and D2 connected to a time interval analyzer (PH) for recording second order correlation. (b) Spectral information of sources Φ S1 , Φ S2 and filters Φ F 1 , Φ F 2 with corresponding FWHM 30 pm, 26 pm, 92 pm and 82 pm respectively. (c) Purity of one of the sources vs input power shows that purity remains almost the same for a range of power. We did not measure purity at lower power than 58µW due to impractical integration time.
The purity of the sources has been estimated by measuring second order correlation function g (2) ii (0) of the idler photons from each source and using the relation purity, P = g (2) ii (0) − 1 [32] as shown in figure 4 . As in the figure, the unheralded idler photons are incident on a 50% reflective beam splitter and the outputs are detected and recorded by a time interval analyzer which estimates the second order correlations. The purity is also measured for different values of pump power and plotted in figure 4 . It suggests that the purity values are not affected by the non-linear interactions of the pump power in our range of interest. For our operating power, the estimated purity for both sources are P S1 = 86.20±3.89% and P S2 = 78.69±2.44%. This, in turn, provides an estimate of the maximum indistinguishability between these sources as 82.36 ± 2.25% by using CauchySchwarz inequality, tr(ρ s1ρs2 ) ≤ tr(ρ 2 s1 )tr(ρ 2 s2 ). Recently, it has been theoretically shown that the purity of a regular resonator, like ours, with equal FWHM for all pump, signal and idler resonances cannot exceed the purity value 93% [39] . Therefore, even in the case of completely identical sources Φ S1 and Φ S2 , our purity values indicate the visibility (indistinguishability) of the quantum interference to be lower than estimated 82.36%. In reality, Φ S1 and Φ S2 are not identical as shown in figure 4 and the visibility can further degrade. In order to calculate the visibility numerically, we considered Gaussian f (ω s , ω i ), and approximated each source with two effective Schmidt modes (Appendix A.5) with the relative strength of the squeezers that corresponds to ∼ 82% purity.
Considering multi-pair contribution from the sources, the numerically estimated visibility is plotted with respect to average photon numbern in figure 1 for pure (single optical mode) and impure (∼ 82% purity) with two effective Schmidt modes. The graphs indicates that ∼ 71% visibility of MZI corresponds to average photon numbern = 0.11 and 0.06 for single mode and two mode states respectively for each source. Analyzing two-fold coincidence counts as a function of optical input power, our source 1 and source 2 have estimatedn 1 = 0.093±0.001 andn 2 = 0.123±0.001 with 68% confidence interval (Appendix A.4). Figure 1 indicates that the average of these two valuesn = 0.183 for each source indicates ∼ 60% and ∼ 55% visibility for single and two modes respectively. Appendix A.3 outlines a simpler method to estimate the indistinguishability in terms of η ov between two sources from the measured visibility using an analysis involving only one photon-pair from each source.
Thus, combination of the two aforementioned effects: multi-pair emission and impurity can reduce the visibility to our measured value of ∼ 71%. While the impurity alone estimates the visibility as 82.36%, the additional effect of multi-pair emission reduces it to ∼ 71% from 82.36% which is a significant reduction of 86%. However, the preceding analysis and figure 1 suggest that our methods are either overestimating the average photon numbern from each source, or underestimating the purity of both sources. Further experiments are required to resolve it.
In addition to multi-pair emission and purity, the temporal dynamics of the ringresonators can cause visibility degradation. The temporal dynamics of the non-identical sources can cause them to go in and out of spectral overlap [40] . The imperfect directional coupler (η DC ) at the beginning of the photonic circuit causes different pumping of the two sources making the nonlinear interaction inside the cavities different from each other. All of these will make the heralded signal photons of one source different from the other at a particular time instance.
Technically, the most challenging part of this experiment is to keep the sources Φ S1 and Φ S2 spectrally overlapped while the Φ M ZI heater is swept from 0 mW (Φ M ZI = 0 c ) to 60 mW (Φ M ZI = 2π c ). This is due to a combination of two effects. The first one is the high quality factor (small FWHM shown in Fig 4) of the resonators which makes them very sensitive to environmental changes. Second one is the thermal crosstalk among the components of the photonic circuit. The latter effect means when the Φ M ZI heater dissipates reasonable amount of heat, the heat propagates to Φ S1 , Φ S2 and shift their resonances. Therefore, along with the temperature controller, a thorough characterization of heat compensation was required to keep Φ S1 and Φ S2 overlapped at any configuration for the whole duration of the experiment.
Conclusion
Our current results on quantum interference between individual silicon micro-ring resonators are a step towards building more complicated quantum photonic devices. We found that the parameters of the pump lasers together with the design parameters (FWHM, coupling etc) of the resonators affect the indistinguishability significantly. For example, the peak power of the pump determines the contribution from the multi-pair emission while the spectral shape of the pulse affects the purity while the quality factor of the resonators plays an important role for controlling their spectral position as well as scalable fabrication. Further experiments on the preceding examples are required to determine the optimum criteria.
The model used for this experiment explains, within experimental margin of error, the effect of the non-unity purity and the multi-pair emission on the measurement of indistinguishability. This model can be further improved by: implementing loss in the photon pairs which escapes the resonators and estimating the effect of non-identical temporal dynamics. This appendix will annex the calculations on: the SFWM and multimode twin-beam squeezer in terms of density matrix formalism; the heralded signal photon propagating through the MZI for quantum interference and estimation of mean photon number (squeezing) and equivalent number of the Schmidt modes.
Appendix A.1. SFWM and twin beam squeezer
According to interaction picture of quantum mechanics, the wavefunction |Ψ corresponding to the SFWM process will be,
where, the vacuum for signal and idler photon is expressed as |0 s |0 i = |0, 0 . Now, when the heralded signal photons are pure, the biphoton function does not contain correlated spectral information between signal and idler photons. Essentially, it means f (ω s , ω i ) is separable in ω s and ω i , f (ω s , ω i ) = g(ω s ) × h(ω i ). Therefore rearranging the the quantities in the hamiltonianĤ, the wavefunction can be expressed as,
where, r is a scalar related to pump brightness, h.c. refers to hermitian conjugate and,
This is a general expression of single mode twin-beam squeezer and the wavefunction, with x = tanh 2 (|r|) and θ r = ∠r, can be expressed in terms of number state basis as,
Following section 2.1, the heralded signal photon will be in a mixed state corresponding to non-unity purity. Subsequently, using Schmidt decomposition, the biphoton function f (ω s , ω i ) can be expressed as a sum of orthogonal basis functions of signal and idler photons, f (ω s , ω i ) = ∞ k=1 r kĈ † skĈ † ik . Thus the wavefunction can be expressed as a tensor product of the single mode twin beam squeezer with strength r k ,
Therefore, the density matrixρ = |Ψ Ψ| = ⊗ kρ k , whereρ k is the density matrix of each Schmidt mode k.
If the lumped detection efficiency of a idler photon is η i , and the probability of detecting n idler photon is P i (n) for a generic non photon-number-resolving detector [35] ,
Then for single optical mode, the reduced density matrix for the heralded signal photons with normalization constant N can be written as,
Therefore, the combined density matrix for two sources can be expressed asρ =ρ s1 ⊗ρ s2 . After the unitary transformation of MZI or HOMI, the new density matrix will beρ , ρ U − →ρ . At this point, through the unitary transformation, the heralded signal photons from both sources experience quantum interference and are distributed into the two output optical modes of the unitary U . Considering we have detected at least one photon in each idler modes from each sources for heralding, and now, detecting at least one photon in both of these optical modes corresponds to a four-fold coincidence event P 4F as,
Where, c k and d k represent all possible output modes of the U depending on distinguishable or indistinguishable transformations.
For multi-mode case, the expression remains the same but with more optical modes in the output of the unitary. Thus, plotting P 4F with respect to relative time delay δτ between two signal photons we get a characteristic graph for HOMI. Similarly plotting P 4F with respect to relative phase Φ M ZI between the two interferometric path we get a typical graph for MZI. The resulting graphs can estimate indistinguishability by modeling in terms of overlap parameter η ov .
Using this model for single optical mode: limiting total N = 3 pairs from both sources, we re-derived the expression of HOMI visibility in reference [9] and limiting total N = 10 pairs from both sources we reproduced the graph of visibility as a function of average photon number mentioned in reference [29] . 
In Heisenberg picture, the creation operators of the signal photons of each source (â † s1 ,â † s2 ) can be the input modes of the unitary. They will be transformed into
depending on the indistinguishability of the sources. For distinguishable sources, they will transform into different output modes,
(A.14)
For indistinguishable case, the transformation will contain same output modesĉ † 1 and
Using these transformation and using equation 9, the four-fold coincidence as a function of Φ M ZI (MZI fringe) can be analytically evaluated for completely distinguishable (P 4F.D ) sources and partially indistinguishable (P 4F ) sources. The corresponding visibilities as a function of average photon number can be calculated from equation 10b and is plotted in figure A1 . Here, the loss η s = η i = 0.01. For a perfect heralded sources with only one photon pair emission at single photon Fock state, the equations simplifies to more recognizable set of equations,
These can be used in equation 11 to estimate the overlap, η ov between the two sources,
For perfect and balanced MZI (the splitting ratio η DC = 50%), this further reduces to
These are plotted as dotted red lines in figure A1 . The visibility for the red-dot line (indistinguishable case) is 100% and for the red-dash line (distinguishable case) is 30%. Introducing multipair emission gives the solid red line with reduced visibility. When the splitting ratio η DC = 50%, the interference cannot redistribute the energy completely to destructive and constructive interferences for all values of Φ M ZI and we get slightly smaller maxima for those values of phase represented by the solid blue line. Such imperfection of MZI leaves the visibility definition unchanged. The visibility for the aforementioned scenarios can be plotted with respect average photon number of the both sources.
Appendix A.3. Visibility for multimode twin-beam squeezer
Let's consider the simplest multi-mode twin beam squeezer: two-Schmidt mode for each source with maximum one photon-pair in each optical mode. The wavefunction for source 1 with two Schmidt mode of squeezing strength x 11 and x 12 can be expressed in the Fock basis as, Heralding at most one idler photon in each mode and total one photon from each source, the reduced density matrix for signal photons from source 1 becomes,
Here, N 1 is the normalisation constant and P i (1) is the detection probability of one idler photon. Similarly, the reduced density matrix for signal photons form source 2 with squeezing strengths x 21 and x 22 can be expressed as,
Therefore, the combined density matrix for the whole system can be written aŝ ρ =ρ s1 ⊗ρ s2 . Any term in this density matrix can be rewritten using creation and annihilation operator, such as |1
jk are creation operators andâ jk ,ĉ jk ,d jk are annihilation operators for jk optical modes at the input/output of the unitary. The system can evolve according to the unitary transformation U asρ U − →ρ for completely distinguishable case,
Following the procedure outlined in Appendix A.1, the probability of four-fold coincidence for temporally distinguishable events become, optical mode, and similarly secondary Schmidt mode 12 and 22 of source 1 and 2 respectively will transform into the same optical modes:
Therefore, the four-fold coincidence probability will be,
(ii) Source 1 optical modes can be decomposed into orthogonal Schmidt modes of Source 2. It means that the primary Schmidt mode of source 1, mode 11 can be expressed in terms of primary Schmidt mode of source 2, mode 21 with proper weighting factors x jk . The sub-Schmidt modes of both sources, modes 12 and 22 are orthogonal to each other and everything else. If the purity of source 1 is P 1 and source 2 is P 2 , then the weighting factors will be:
Then the density matrices for both sources can be relabeled as,
If we take the inner product of the density matrices of both sources, we get
The unitary transformation for this scenario will be,
Therefore, with x 11 x 21 = η ov √ P 1 √ P 2 and x 11 x 22 +x 12 x 21 +x 12 x 22 = 1−η ov √ P 1 √ P 2 , the four-fold coincidence probability will be,
The above can be used for equation 11 to estimate the overlap, η ov between the two sources with two Schmidt modes.
As the overlap parameter η ov determines how much of the indistinguishable part of the density matrixρ I contributes to the fringe, it gives an estimate of the indistinguishability of the sources except that it's value strongly depends on the implementation ofρ s . We have implemented two different ρ s to evaluate η ov : a pure heralded source with only one photon-pair emitted at a time (equation A. 19 ) and an impure (two Schmidt modes) source with only one photon-pairs at a time from each source (equation A.28). These scenarios estimates the same visibility as they fit the same fringe, but depending on the portion of the fringe thatρ I alone can assimilate, we obtain different values of η ov in table A1. Figure A3 . Visibility as a function of average photon numbern for perfect MZI and HOMI of heralded sources with two Schmidt modes. The total number of photon-pairs emitted from both sources at a time is limited to 10, and the detection loss is set to η s = η i = 0.01 matching our experiment. For two-mode squeezer the values chosen for r 1 = r 2 = 1/8 correspond to ∼ 82% purity. The general trend of all the curves are very similar: reduction in visibility due to multi-pair contribution.
Assuming same squeezing for both sources, x 11 = x 21 = y and x 12 = x 22 = r×y, the visibility for HOMI takes a simple form as in equation A.30 and plotted in figure A2 . Here, r is the relative strength between the two squeezer of each source and can be estimated from the purity. It shows that unlike the 100% visibility for pure sources with only one photon-pair, the impure sources has the visibility strongly dependent on the purity (the parameter r) for both of the above scenarions:
(1 + r) 2 (A.30)
A simpler expression for prefect MZI can be obtained showing strong dependence of the visibility on purity for the second scenario, Consequently, the density matrices for each sources with multi-pair emission cannot be simply divided into distinguishable and indistinguishable portions as in equation A.28. Extending the above model for multi-pair emission and numerically calculating in-total 10 photon-pairs at a time from both sources, we can see the degradation in visibility due to both multi-pair emission and non-unity purity as plotted in figure A3 .
Appendix A.4. Estimating average photon number
If the lumped efficiency of the four wave mixing process is γ, probability of photon pair generation per pulse is p and repetition rate of the laser is R, then the equations for detecting only signal photons, only idler photons and signal-idler coincidences from each sources can be written as, Here, DC represents dark counts and ACC represents accidentals. The factor γ is proportional to the the strength of the non-linearity of the silicon and the peak power of the pump. γ lumps the total SFWM strength of the system. Fitting the above equation with the experimental data, γ can be estimated. Then the average photon pair generated per pulse will be,n = γ/R. Our source 1 and source 2 have estimated n 1 = 0.093 ± 0.001 andn 2 = 0.123 ± 0.001 with 68% confidence interval.
Appendix A.5. Estimating number of Schmidt modes and squeezing from purity
Considering Gaussian joint-spectral amplitude from biphoton function f (ω s , ω i ), the relative distribution of the squeezers of the multimode non-pure heralded state can be expressed as a single parameter equation [32] . The equation relates the relative squeezing of each mode λ k with a parameter µ as λ k = 1 − µ 2 µ k . Here, λ 2 k = 1 and the parameter µ can be estimated from the self-g (2) -measurements via µ = 2/g (2) − 1. Therefore, using the g (2) values for source 1 and source 2, we can plot the relative contribution of multimode squeezers for each sources as depicted in figure A4 . According to this plot, we can conclude that including upto two Schmidt modes for each of our sources is a reasonable approximation.
If the the total average photon number for source 1 isn 1 and average photon number for each Schmidt mode isn 11 ,n 12 with corresponding squeezing of x 11 , x 12 , then knowing Figure A4 . The relative strength of squeezers vs the k th optical mode for multimode squeezed state for each source in (a). Using these values, we can solve for the average photon number in each Schmidt mode for a particular value of total average photon numbern as plotted in (b). r 1 = x 12 /x 11 from purity value (figure A4) andn 1 from coincidence measurement, we can solve forn 11 ,n 12 :
(A.35)
(A.36)
(A.37)
